We survey general properties of multiplicative arithmetic functions of several variables and related convolutions, including the Dirichlet convolution and the unitary convolution. We introduce and investigate a new convolution, called gcd convolution. We define and study the convolutes of arithmetic functions of several variables, according to the different types of convolutions. We discuss the multiple Dirichlet series and Bell series and present certain arithmetic and asymptotic results of some special multiplicative functions arising from problems in number theory, group theory and combinatorics. We give a new proof to obtain the asymptotic density of the set of ordered r-tuples of positive integers with pairwise relatively prime components and consider a similar question related to unitary divisors.
Introduction
Multiplicative arithmetic functions of a single variable are very well known in the literature. Their various properties were investigated by several authors and they represent an important research topic up to now. Less known are multiplicative arithmetic functions of several variables of which detailed study was carried out by R. Vaidyanathaswamy [74] more than eighty years ago. Since then many, sometimes scattered results for the several variables case were published in papers and monographs, and some authors of them were not aware of the paper [74] . In fact, were are two different notions of multiplicative functions of several variables, used in the last decades, both reducing to the usual multiplicativity in the one variable case. For the other concept we use the term firmly multiplicative function.
In this paper we survey general properties of multiplicative arithmetic functions of several variables and related convolutions, including the Dirichlet convolution and the unitary convolution. We introduce and investigate a new convolution, called gcd convolution. We define and study the convolutes of arithmetic functions of several variables, according to the different types of convolutions. The concept of the convolute of a function with respect to the Dirichlet convolution was introduced by R. Vaidyanathaswamy [74] . We also discuss the multiple Dirichlet series and Bell series. We present certain arithmetic and asymptotic results of some special multiplicative functions arising from problems in number theory, group theory and combinatorics. We give a new proof to obtain the asymptotic density of the set of ordered r-tuples of positive integers with pairwise relatively prime components. Furthermore, we consider a similar question, namely the asymptotic density of the set of ordered r-tuples with pairwise unitary relatively prime components, that is, the greatest common unitary divisor of each two distinct components is 1.
For general properties of (multiplicative) arithmetic functions of a single variable see, e.g., the books of T. M. Apostol [4] , G. H. Hardy, E. M. Wright [27] , P. J. Mc.Carthy [42] , W. Schwarz, J. Spilker [53] and R. Sivaramakrishnan [55] . For algebraic properties of the ring of arithmetic functions of a single variable with the Dirichlet convolution we refer to H. N. Shapiro [54] . Incidence algebras and semilattice algebras concerning arithmetic functions of a single variable were investigated by D. A. Smith [57] . For properties of certain subgroups of the group of multiplicative arithmetic functions of a single variable under the Dirichlet convolution we refer to the papers by T. B. Carroll, A. A. Gioia [7] , P.-O. Dehaye [14] , J. E. Delany [17] , T. MacHenry [41] and R. W. Ryden [48] . Algebraical and topological properties of the ring of arithmetic functions of a single variable with the unitary convolution were given by J. Snellman [58, 59] . See also J. Sándor 
Notations
Throughout the paper we use the following notations. General notations:
• N = {1, 2, . . .}, N 0 = {0, 1, 2, . . .}, • the prime power factorization of n ∈ N is n = p p νp(n) , the product being over the primes p, where all but a finite number of the exponents ν p (n) are zero,
• d || n means that d is a unitary divisor of n, i.e., d | n and gcd(d, n/d) = 1,
• gcud(n 1 , . . . , n k ) denotes the greatest common unitary divisor of n 1 , . . . , n k ∈ N, • Z n = Z/nZ is the additive group of residue classes modulo n, • ζ is the Riemann zeta function, • γ is Euler's constant. Arithmetic functions of a single variable:
• δ is the arithmetic function given by δ(1) = 0 and δ(n) = 0 for n > 1,
• id is the function id(n) = n (n ∈ N), • φ k is the Jordan function of order k given by φ k (n) = n k p|n (1 − 1/p k ) (k ∈ C), • φ = φ 1 is Euler's totient function, • ψ is the Dedekind function given by ψ(n) = n p|n (1 + 1/p), • µ is the Möbius function, • τ k is the Piltz divisor function of order k, τ k (n) representing the number of ways of expressing n as a product of k factors,
• τ (n) = τ 2 (n) is the number of divisors of n,
• ω(n) = #{p : ν p (n) = 0} stands for the number of distinct prime divisors of n,
• Ω(n) = p ν p (n) is the number of prime power divisors of n,
is the Ramanujan sum, which can be viewed as a function of two variables.
Arithmetic functions of several variables:
• A r is the set of arithmetic functions of r variables (r ∈ N), i.e., of functions f : N r → C,
• A
(1) r = {f ∈ A r : f (1, . . . , 1) = 0}, • 1 r is the constant 1 function in A r , i.e., 1 r (n 1 , . . . , n r ) = 1 for every n 1 , . . . , n r ∈ N, • δ r (n 1 , . . . , n r ) = δ(n 1 ) · · · δ(n r ), that is δ r (1, . . . , 1) = 1 and δ r (n 1 , . . . , n r ) = 0 for n 1 · · · n r > 1,
• for f ∈ A r the function f ∈ A 1 is given by f (n) = f (n, . . . , n) for every n ∈ N. Other notations will be fixed inside the paper.
Multiplicative functions of several variables
In what follows we discuss the notions of multiplicative, firmly multiplicative and completely multiplicative functions. We point out that properties of firmly and completely multiplicative functions of several variables reduce to those of multiplicative, respectively completely multiplicative functions of a single variable. Multiplicative functions can not be reduced to functions of a single variable. We also present examples of such functions.
Multiplicative functions
A function f ∈ A r is said to be multiplicative if it is not identically zero and f (m 1 n 1 , . . . , m r n r ) = f (m 1 , . . . , m r )f (n 1 , . . . , n r ) holds for any m 1 , . . . , m r , n 1 , . . . , n r ∈ N such that gcd(m 1 · · · m r , n 1 · · · n r ) = 1. If f is multiplicative, then it is determined by the values f (p ν1 , . . . , p νr ), where p is prime and ν 1 , . . . , ν r ∈ N 0 . More exactly, f (1, . . . , 1) = 1 and for any n 1 , . . . , n r ∈ N,
If r = 1, i.e., in the case of functions of a single variable we reobtain the familiar notion of multiplicativity: f ∈ A 1 is multiplicative if it is not identically zero and f (mn) = f (m)f (n) for every m, n ∈ N such that gcd(m, n) = 1.
Let M r denote the set of multiplicative functions in r variables.
Firmly multiplicative functions
We call a function f ∈ A r firmly multiplicative (following P. Haukkanen [28] ) if it is not identically zero and f (m 1 n 1 , . . . , m r n r ) = f (m 1 , . . . , m r )f (n 1 , . . . , n r ) holds for any m 1 , . . . , m r , n 1 , . . . , n r ∈ N such that gcd(m 1 , n 1 ) = . . . = gcd(m r , n r ) = 1. Let F r denote the set of firmly multiplicative functions in r variables.
A firmly multiplicative function is completely determined by its values at (1, . . . , 1, p ν , 1, . . . , 1), where p runs through the primes and ν ∈ N 0 . More exactly, f (1, . . . , 1) = 1 and for any n 1 , . . . , n r ∈ N,
If a function f ∈ A r is firmly multiplicative, then it is multiplicative. Also, if f ∈ F r , then f (n 1 , . . . , n r ) = f 1 (n 1 , 1, . . . , 1) · · · f r (1, . . . , 1, n r ) for every n 1 , . . . , n r ∈ N. This immediately gives the following property:
is firmly multiplicative if and only if there exist multiplicative functions
In the case of functions of a single variable the notion of firmly multiplicative function reduces to that of multiplicative function. For r > 1 the concepts of multiplicative and firmly multiplicative functions are different.
Completely multiplicative functions
A function f ∈ A r is called completely multiplicative if it is not identically zero and f (m 1 n 1 , . . . , m r n r ) = f (m 1 , . . . , m r )f (n 1 , . . . , n r ) holds for any m 1 , . . . , m r , n 1 , . . . , n r ∈ N. Note that R. Vaidyanathaswamy [74] used for such a function the term 'linear function'.
Let C r denote the set of completely multiplicative functions in r variables. If f ∈ C r , then it is determined by its values at (1, . . . , 1, p, 1, . . . , 1), where p runs through the primes. More exactly, f (1, . . . , 1) = 1 and for any n 1 , . . . , n r ∈ N,
In the case of functions of a single variable we reobtain the familiar notion of completely multiplicative function: f ∈ A 1 is completely multiplicative if it is not identically zero and f (mn) = f (m)f (n) for every m, n ∈ N.
It is clear that if a function f ∈ A r is completely multiplicative, then it is firmly multiplicative. Also, similar to Proposition 1: Proposition 2. A function f ∈ A r is completely multiplicative if and only if there exist completely multiplicative functions f 1 , . . . , f r ∈ C 1 (each of a single variable) such that f (n 1 , . . . , n r ) = f 1 (n 1 ) · · · f r (n r ) for every n 1 , . . . , n r ∈ N. In this case f 1 (n) = f (n, 1, . . . , 1), ..., f r (n) = f (1, . . . , 1, n) for every n ∈ N.
Examples
The functions (n 1 , . . . , n r ) → gcd(n 1 , . . . , n r ) and (n 1 , . . . , n r ) → lcm(n 1 , . . . , n r ) are multiplicative for every r ∈ N, but not firmly multiplicative for r ≥ 2.
The functions (n 1 , . . . , n r ) → τ (n 1 ) · · · τ (n r ), (n 1 , n 2 ) → τ (n 1 )σ(n 2 ) are firmly multiplicative, but not completely multiplicative.
The functions (n 1 , . . . , n r ) → n 1 · · · n r , (n 1 , n 2 ) → n 1 λ(n 2 ) are completely multiplicative. According to Propositions 1 and 2 firmly multiplicative and completely multiplicative functions reduce to multiplicative, respectively completely multiplicative functions of a single variable. There is no similar characterization for multiplicative functions of several variables.
Let h ∈ M 1 . Then the functions (n 1 , . . . , n r ) → h(gcd(n 1 , . . . , n r )), (n 1 , . . . , n r ) → h(lcm(n 1 , . . . , n r )) are multiplicative. The product and the quotient of (nonvanishing) multiplicative functions are multiplicative.
If f ∈ M r is multiplicative and we fix one (or more, say s) variables, then the resulting function of r − 1 (or r − s) variables is not necessary multiplicative. For example, (k, n) → c n (k) is multiplicative as a function of two variables, see Section 4.1, but for a fixed n the function k → c n (k) is in general not multiplicative (it is multiplicative if and only if µ(n) = 1).
If f ∈ M r is multiplicative, then the function f of a single variable is multiplicative.
Other examples from number theory, group theory and combinatorics:
..,gr (n 1 , . . . , n r ) denote the number of solutions x (mod n), with n = lcm(n 1 , . . . , n r ), of the simultaneous congruences 
This function is multiplicative, which follows from the definition, and for every n 1 , . . . , n r ∈ N, ̺(n 1 , . . . , n r ) = d1|n1,...,dr|nr
cf. Section 4.1.
This is the characteristic function of the set of ordered r-tuples (n 1 , . . . , n r ) ∈ N r such that n 1 , . . . , n r are pairwise unitary relatively prime, i.e., such that for every prime p there are no i = j with ν p (n i ) = ν p (n j ) ≥ 1. This function is also multiplicative (by the definition).
Example 4. Consider the group G = Z n1 ×· · ·×Z nr . Let s(n 1 , . . . , n r ) and c(n 1 , . . . , n r ) denote the total number of subgroups of the group G and the number of its cyclic subgroups, respectively. Then the functions (n 1 , . . . , n r ) → s(n 1 , . . . , n r ) and (n 1 , . . . , n r ) → c(n 1 , . . . , n r ) are multiplicative. For every n 1 , . . . , n r ∈ N, 
for every n 1 , n 2 ∈ N. See M. Hampejs, N. Holighaus, L. Tóth, C. Wiesmeyr [25] and M. Hampejs, L. Tóth [26] .
Example 5. We define the sigma function of r variables by
having the representation
valid for every n 1 , . . . , n r ∈ N. Note that for r = 1 this function reduces to the sum-of-divisors function and in the case r = 2 we have σ(m, n) = s(m, n) given in Example 4. We call (n 1 , . . . , n r ) ∈ N r a perfect r-tuple if σ(n 1 , . . . , n r ) = 2 gcd(n 1 , . . . , n r ). If 2 r −1 = p is a Mersenne prime, then (p, p, . . . , p) is a perfect r-tuple. For example, (3, 3) is a perfect pair and (7, 7, 7) is perfect triple. We formulate as an open problem: Which are all the perfect r-tuples?
is multiplicative as a function of two variables. This property was pointed out by K. R. Johnson [34] , see also Section 4.1.
Example 7. For n 1 , . . . , n r ∈ N let n := lcm(n 1 , . . . , n r ). The function of r variables
has combinatorial and topological applications, and was investigated in the papers of V. A. Liskovets [40] and L. Tóth [67] . All values of E(n 1 , . . . , n r ) are nonnegative integers and the function E is multiplicative. Furthermore, it has the following representation ( [67, Prop. 3] ):
valid for every n 1 , . . . , n r ∈ N. See also L. Tóth [68, 71] for generalizations of the function E.
Example 8. Another multiplicative function, similar to E is
where n 1 , . . . , n r ∈ N and n := lcm(n 1 , . . . , n r ), as above. One has for every n 1 , . . . , n r ∈ N,
see L. Tóth [64, Eq. (45)], [67, Prop. 12] .
See the paper of M. Peter [47] for properties of recurrent multiplicative arithmetical functions of several variables.
Convolutions of arithmetic functions of several variables
In this Section we survey the basic properties of the Dirichlet and unitary convolutions of arithmetic functions of several variables. We also define and discuss the gcd, lcm and binomial convolutions, not given in the literature in the several variables case. We point out that the gcd convolution reduces to the unitary convolution in the one variable case, but they are different for r variables with r > 1. For other convolutions we refer to the papers of J. Sándor, A. Bege [49] , E. D. Schwab [52] and M. V. Subbarao [61] .
Dirichlet convolution
For every r ∈ N the set A r of arithmetic functions of r variables is a C-linear space with the usual linear operations. With the Dirichlet convolution defined by
the space A r forms a unital commutative C-algebra, the unity being the function δ r , and (A r , +, * ) is an integral domain. Moreover, (A r , +, * ) is a unique factorization domain, as pointed out by T. Onozuka [45] . In the case r = 1 this was proved by E. D. Cashwell, C. J. Everett [9] . The group of invertible functions is A (1) r . The inverse of f will be denoted by f −1 * . The inverse of the constant 1 function 1 r is µ r , given by µ r (n 1 , . . . , n r ) = µ(n 1 ) · · · µ(n r ) (which is firmly multiplicative, where µ is the classical Möbius function).
The Dirichlet convolution preserves the multiplicativity of functions. This property, well known in the one variable case, follows easily from the definitions. Using this fact the multiplicativity of the functions c(n 1 , . . . , n r ), s(n 1 , n 2 ), σ(n 1 , . . . , n r ), E(n 1 , . . . , n r ) and A(n 1 , . . . , n r ) is a direct consequence of the convolutional representations (4), (5), (6), (9) and (10), respectively. The multiplicativity of the Ramanujan sum (k, n) → c n (k) follows in a similar manner from (8) , showing that c n (k) is the convolution of the multiplicative functions f and g defined by f (m, n) = m for m = n, f (m, n) = 0 for m = n and g(m, n) = µ(m) for every m, n ∈ N.
If f, g ∈ F r , then
with the notations of Proposition 1, hence f * g ∈ F r and f −1 * ∈ F r . We deduce Proposition 3. One has the following subgroup relations:
r , * ).
The set C r does not form a group under the Dirchlet convolution. If f ∈ C r , then f −1 * = µ r f (well known in the case r = 1). Note that for every f ∈ C r one has (f * f )(n 1 , . . . , n r ) = f (n 1 , . . . , n r )τ (n 1 ) · · · τ (n r ), in particular (1 r * 1 r )(n 1 , . . . , n r ) = τ (n 1 ) · · · τ (n r ).
R. Vaidyanathaswamy [74] called the Dirichlet convolution 'composition of functions'. Other convolutional properties known in the one variable case, for example Möbius inversion can easily be generalized. As mentioned in Section 3.4, Example 2 the characteristic function ̺ of the set of ordered r-tuples (n 1 , . . . , n r ) ∈ N r such that n 1 , . . . , n r ∈ N are pairwise relatively prime is multiplicative. One has for every n 1 , . . . , n r ∈ N, d1|n1,...,dr|nr
since both sides are multiplicative and in the case of prime powers n 1 = p ν1 , . . . , n r = p νr both sides of (11) are equal to 1 + ν 1 + . . . + ν r . Now, Möbius inversion gives the formula (2). For further algebraic properties of the C-algebra A r and more generally, of the R-algebra A r (R) = {f : N r → R}, where R is an integral domain and using the concept of firmly multiplicative functions see E. Alkan, A. Zaharescu, M. Zaki [1] . That paper includes, among others, constructions of a class of derivations and of a family of valuations on A r (R). See also P. Haukkanen [28] and A. Zaharescu, M. Zaki [75] .
Unitary convolution
The linear space A r forms another unital commutative C-algebra with the unitary convolution defined by
Here the unity is the function δ r again. Note that (A r , +, ×) is not an integral domain, there exist divisors of zero. The group of invertible functions is again A 
..+ω(nr) (and it is firmly multiplicative). Similar to Proposition 3, Proposition 4. One has the following subgroup relations:
in particular (1 r × 1 r )(n 1 , . . . , n r ) = 2 ω(n1)+...+ω(nr) . R. Vaidyanathaswamy [74] used the term 'compounding of functions' for the unitary convolution.
For further algebraic properties of the R-algebra A r (R) = {f : N r → R}, where R is an integral domain with respect to the unitary convolution and using the concept of firmly multiplicative functions see E. Alkan, A. Zaharescu, M. Zaki [2] .
Gcd convolution
We define a new convolution for functions f, g ∈ A r , we call it gcd convolution, given by (f ⊙ g)(n 1 , . . . , n r ) = d1e1=n1,...,drer =nr gcd(d1···dr,e1···er )=1
which is in concordance with the definition of multiplicative functions.
In the case r = 1 the unitary and gcd convolutions are identic, i.e., f × g = f ⊙ g for every f, g ∈ A 1 , but they differ for r > 1.
Main properties: A r forms a unital commutative C-algebra with the gcd convolution defined by (12) . The unity is the function δ r and there exist divisors of zero. The group of invertible functions is again A (1) r . Here the inverse of the constant 1 function is µ ⊙ r (n 1 , . . . , n r ) = (−1) ω(n1···nr) . More generally, the inverse f −1⊙ of an arbitrary multiplicative function f is given by f −1⊙ (n 1 , . . . , n r ) = (−1) ω(n1···nr) f (n 1 , . . . , n r ). Also, if f ∈ M r , then
r , ⊙). The set F r does not form a group under the gcd convolution. To see this note that (1 r ⊙ 1 r )(n 1 , . . . , n r ) = 2 ω(n1···nr) , but this function is not firmly multiplicative, since ω(n 1 · · · n r ) = ω(n 1 ) + . . . + ω(n r ) does not hold for every n 1 , . . . , n r ∈ N (cf. Proposition 1).
Lcm convolution
We define the lcm convolution of functions of r variables by
In the case r = 1 this convolution originates by R. D. von Sterneck [60] , was investigated and generalized by D. H. Lehmer [37, 38, 39] , and is also called von Sterneck-Lehmer convolution. See also R. G. Buschman [5] .
Note that the lcm convolution can be expressed by the Dirichlet convolution. More exactly,
Proof. Write a1|n1,...,ar|nr
e1|n1,...,er |nr g(e 1 , . . . , e r ) = (f * 1 r )(n 1 , . . . , n r )(g * 1 r )(n 1 , . . . , n r ),
and by Möbius inversion we obtain (13).
In the case r = 1 Proposition 6 is due to R. D. von Sterneck [60] and D. H. Lehmer [38] .
Note that (1 r ⊕ 1 r )(n 1 , . . . , n r ) = τ (n 2 1 ) · · · τ (n 2 r ). It turns out that the lcm convolution preserves the multiplicativity of functions, but M r does not form a group under the lcm convolution. The unity for the lcm convolution is the function δ r again. Here (A r , +, ⊕) is a unital commutative ring having divisors of zero. The group of invertible functions is A r = {f ∈ A r : (f * 1 r )(n 1 , . . . , n r ) = 0 for every (n 1 , . . . , n r ) ∈ N r } and we deduce 
Proof. Here (ii) follows from (1 r * 1 r )(n 1 , . . . , n r ) = τ (n 1 ) · · · τ (n r ), already mentioned in Section 4.1.
Binomial convolution
We define the binomial convolution of the functions f, g ∈ A r by (f • g)(n 1 , . . . , n r )
where a b is the binomial coefficient. It is remarkable that the binomial convolution preserves the complete multiplicativity of arithmetical functions, which is not the case for the Dirichlet convolution and other convolutions. Let ξ r be the firmly multiplicative function given by
leading to the next result.
Proposition 8.
The algebras (A r , +, •, C) and (A r , +, * , C) are isomorphic under the map-
Formula (14) also shows that the binomial convolution preserves the multiplicativity of functions. Furthermore, for any fixed r ∈ N the structure (A r , +, •) is an integral domain with unity δ r . The group of invertible functions is again A (1) r . If f, g ∈ F r , then with the notations of Proposition 1,
and the inverse of f is
hence f • g ∈ F r and f −1• ∈ F r . The inverse of the function 1 r under the binomial convolution is the function λ r given by λ r (n) = λ(n 1 ) · · · λ r (n), i.e., λ r (n) = (−1) Ω(n1)+...+Ω(nr) . We deduce Proposition 9. One has the following subgroup relations:
In the case r = 1 properties of this convolution were discussed in the paper by L. Tóth, P. Haukkanen [72] . The proofs are similar in the multivariable case.
Generating series
As generating series for multiplicative arithmetic functions of r variables we present certain properties of the multiple Dirichlet series, used earlier by several authors and the Bell series, which constituted an important tool of R. Vaidyanathaswamy [74] .
Dirichlet series
The multiple Dirichlet series of a function f ∈ A r is given by
Similar to the one variable case, if D(f ; z 1 , . . . , z r ) is absolutely convergent in (s 1 , . . . , s r ) ∈ C r , then it is absolutely convergent in every (z 1 , . . . , z r ) ∈ C r with ℜz j ≥ ℜs j (1 ≤ j ≤ r).
. . , z r ) and D(g; z 1 , . . . , z r ) are absolutely convergent, then D(f * g; z 1 , . . . , z r ) is also absolutely convergent and
r , then
formally or in the case of absolute convergence. If f ∈ M r is multiplicative, then its Dirichlet series can be expanded into a (formal) Euler product, that is, Next we give the Dirichlet series representations of certain special functions discussed above. These follow from the convolutional identities given in Section 3.4. For every g ∈ A 1 we have formally,
In particular, taking g(n) = n (16) gives for r ≥ 2 and ℜz 1 > 1, . . . , ℜz r > 1,
and taking g = δ one obtains for r ≥ 2 and
where the identity (17) 
valid for ℜz 1 > 1, . . . , ℜz r > 1. Here (18) 
The formulas (20) and (21) were derived by W. G. Nowak, L. Tóth [44] . Also, for
As a generalization of (20), for
Bell series
If f is a multiplicative function of r variables, then its (formal) Bell series to the base p (p prime) is defined by
where the constant term is 1. The main property is the following: for every f, g ∈ M r ,
The connection of Bell series to Dirichlet series and Euler products is given by
valid for every f ∈ M r . For example, the Bell series of the gcd function f (n 1 , . . . , n r ) = gcd(n 1 , . . . , n r ) is
.
The Bell series of other multiplicative functions, in particular of c(m, n), s(m, n), σ(n 1 , . . . , n r ) and c n (k) can be given from their Dirichlet series representations and using the relation (22) .
Note that in the one variable case the Bell series to a fixed prime of the unitary convolution of two multiplicative functions is the sum of the Bell series of the functions, that is
. This is not valid in the case of r variables with r > 1.
Convolutes of arithmetic functions of several variables
Let f ∈ A r . By choosing n 1 = . . . = n r = n we obtain the function of a single variable n → f (n) = f (n, . . . , n). If f ∈ M r , then f ∈ M 1 , as already mentioned. Less trivial ways to retrieve from f functions of a single variable is to consider for r > 1,
where the sums are over all ordered r-tuples (d 1 , . . . , d r ) ∈ N r with the given additional conditions, the last one involving multinomial coefficients. For (24) the condition is that d 1 · · · d r = n and d 1 , . . . , d r are pairwise relatively prime. Note that (24) and (25) are the same for r = 2, but they differ in the case r > 2.
Assume that there exist functions g 1 , . . . , g r ∈ A 1 (each of a single variable) such that f (n 1 , . . . , n r ) = g 1 (n 1 ) · · · g r (n r ) (in particular this holds if f ∈ F M r by Proposition 1). Then (23) , (24), (26) and (27) reduce to the Dirichlet convolution, unitary convolution, lcm convolution and binomial convolution, respectively, of the functions g 1 , . . . , g r . For r = 2 we have the corresponding convolutions of two given functions of a single variable.
Note the following special case of (26):
due to R. D. von Sterneck [60] . We remark that (23), with other notation, appears in [74, p. 591-592] , where Ψ dir (f ) is called the 'convolute' of f (obtained by the convolution of the arguments). We will call Ψ dir (f ), Ψ unit (f ), Ψ gcd (f ), Ψ lcm (f ) and Ψ binom (f ) the Dirichlet convolute, unitary convolute, gcd convolute, lcm convolute and binomial convolute, respectively of the function f .
Some special cases of convolutes of functions which are not the product of functions of a single variable are the following. Special Dirichlet convolutes are
For r = 2 (28) and (29) are sequences A055155 and A057670, respectively in [56] ). The function N (n) given by (30) represents the number of parabolic vertices of γ 0 (n) (sequence A001616 in [56] ), cf. S. Finch [23] .
In the case r = 2 the lcm convolute of the gcd function
represents the number of cyclic subgroups of the group Z n × Z n , as shown by A. Pakapongpun, T. Ward [46, Ex. 2] . That is, c(n) = c(n, n) for every n ∈ N, with the notation of Section 3.4, Example 4 (it is sequence A060648 in [56] ). The Dirichlet, unitary and lcm convolutes of the Ramanujan sums are
All the functions g r , ℓ r , N, c, a, b, h defined above are multiplicative, as functions of a single variable. See Corollary 1.
General results
The Dirichlet, unitary, gcd, lcm and binomial convolutions preserve the multiplicativity of functions of a single variable, cf. Section 4. As a generalization of this property, we prove the next result. a 1 , b 1 , . . . , a r , b r ∈ N such that a 1 , . . . , a r | n, b 1 , . . . , b r | m and
f (a 1 b 1 , . . . , a r b r )
showing the multiplicativity of Ψ dir (f ). The proof in the case of the other functions is similar. For the function Ψ gcd (f ),
f (a 1 b 1 , . . . , a r b r ) , where 1 = gcd (a 1 b 1 , . . . , a r b r ) = gcd(a 1 , . . . , a r ) gcd(b 1 , . . . , b r ), since the gcd function in r variables is multiplicative. Hence
In the case of the function Ψ lcm (f ) use that the lcm function in r variables is multiplicative, whence nm = lcm (a 1 b 1 , . . . , a r b r ) = lcm(a 1 , . . . , a r ) lcm(b 1 , . . . , b r ) and it follows that lcm(a 1 , . . . , a r ) = n, lcm(b 1 , . . . , b r ) = m. Remark 1. Alternative proofs for the multiplicativity of Ψ unit (f ), Ψ gcd (f ) and Ψ lcm (f ) can be given as follows. In the first two cases the property can be reduced to that of Ψ dir (f ). Let
. If f is multiplicative, then f ♭ is also multiplicative and the multiplicativity of Ψ gcd (f ) follows by the same property of the Dirichlet convolute. Similar for Ψ unit (f ). Furthermore,
Indeed, we have similar to the proof of (13) given above,
If f is multiplicative, so is f * 1 r (as a function of r variables). Therefore, f * 1 r is multiplicative (as a function of a single variable) and deduce by (35) that Ψ lcm (f ) is multiplicative. 
Proof. i) and ii) are immediate from the definitions. iii) By the property of the Möbius function, Here i) and iv) of Proposition 13 can be generalized as follows.
Proposition 14.
Assume that there is a function g ∈ A 1 (of a single variable) such that f (n 1 , . . . , n r ) = g(gcd(n 1 , . . . , n r )) for every n 1 , . . . , n r ∈ N. Then for every n ∈ N,
Proof. The identity (36) is given by E. Krätzel, W. G. Nowak, L. Tóth [35, Prop. 5.1]. We recall its proof, which is simple and similar to that of iii) of Proposition 13: for f (n 1 , . . . , n r ) = g(gcd(n 1 , . . . , n r )),
Now for (37) ,
using iv) of Proposition 13.
Proposition 15. For every f, g ∈ A r ,
Proof. For the Dirichlet convolute Ψ dir ,
and similar for the other ones.
Proposition 16. Let r ≥ 2. The following maps are surjective algebra homomorphisms:
Proof. Use Proposition 15. For the surjectivity: for a given f ∈ A 1 consider F ∈ A r defined by F (n, 1, . . . , 1) = f (n) for every n ∈ N and F (n 1 , . . . , n r ) = 0 otherwise, i.e., for every n 1 , . . . , n r ∈ N with n 2 · · · n r > 1.
ii) The maps
iii) The map
Proof. Follows from Propositions 12, 15 and from the fact that for every (completely) multiplicative f the function F constructed in the proof of Proposition 16 is (completely) multiplicative. For iii) use also Remark 2.
Special cases
We present identities for the convolutes of some special functions. For Dirichlet convolutes we have the next result.
Proof. Follows from the first identity of Proposition 14.
The function (38) is for r = 2 and k = 0 the sequence A124315 in [56] , and for r = 2, k = 1 it is sequence A124316 in [56] . See also [35, Sect. 5] .
Special cases of lcm convolutes which do not seem to be known are the following. Let β = id * λ be the alternating sum-of-divisors function, see L. Tóth [70] .
Corollary 4. For every n ∈ N, lcm(d1,...,dr)=n
where the function M r is given in Proposition 13,
Proof. Follow from the second identity of Proposition 14.
Here (39) is s(n, n), representing the number of all subgroups of the group Z n × Z n (sequence A060724 in [56] ).
For the convolutes of the Ramanujan sum we have
Proof. According to Corollary 1 all these functions are multiplicative and it is enough to compute their values for prime powers. Alternatively, the formula (8) can be used.
Formulas (40) and (41) are well known, see, e.g., P. J. McCarthy [42, p. 191-192] , while (42) seems to be new.
Asymptotic properties
We discuss certain results concerning the mean values of arithmetic functions of r variables and the asymptotic densities of some sets in N r . We also present asymptotic formulas for special multiplicative functions given in the previous sections. |(µ r * f )(n 1 , . . . , n r )| n 1 · · · n r < ∞, then the mean value M (f ) exists and
Mean values
(µ r * f )(n 1 , . . . , n r ) n 1 · · · n r .
For multiplicative functions we have the following result due to N. D(g; z) . Then for every r > 1, r > a g the main value of the function (n 1 , . . . , n r ) → g(gcd(n 1 , . . . , n r )) exists and
Proof. Follows from Proposition 18 and the identity (16).
For example, the mean value of the function (n 1 , . . . , n r ) → gcd(n 1 , . . . , n r ) is ζ(r−1)/ζ(r) (r ≥ 3), the mean value of the function (n 1 , . . . , n r ) → φ(gcd(n 1 , . . . , n r )) is ζ(r − 1)/ζ 2 (r) (r ≥ 3).
The analog of Proposition 18 for the unitary convolution is the next result (see W. Narkiewicz [43] in the case r = 1). The formulas (44), (46) , (47) can be deduced by elementary arguments and go back to the work of E. Cesàro [10] , E. Cohen [13] and P. Diaconis, P. Erdős [18] . See also L. Tóth [64, Eq. (25) ]. A formula similar to (44) , with the same error term holds for m,n≤x g(gcd(m, n)), where g = h * id, h ∈ A 1 is bounded, including the cases g = φ, σ, ψ. See L. Tóth [64, p. 7] . See J. L. Fernández, P. Fernández [19, 20, 21] for statistical regularity properties of the gcd's and lcm's of positive integers.
Consider next the function g 2 (n) = d|n gcd(d, n/d), which is the Dirichlet convolute of the gcd function for r = 2. [36] for omega estimates on the function g 2 (n). The papers [35] and [36] contain also results for the function g r (n) (r ≥ 3), defined by (28) and related functions.
For the function ℓ 2 (n) = d|n lcm(d, n/d), representing the Dirichlet convolute of the lcm function for r = 2 one can deduce the next asymptotics.
where θ is given by (45) .
A similar formula can be given for the function ℓ r (n) (r ≥ 3) defined by (29) . See the recent paper by T. H. Chan, A. V. Kumchev [11] concerning asymptotic formulas for n≤x,k≤y c n (k).
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